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ABSTRACT. In this paper, we apply the Biswas idea to BE-algebras and
introduce the notion of an anti fuzzy ideal in BE-algebras. Furthermore,
these sets are considered in the context of transitive and self distributive
BE-algebras and their ideals, providing characterizations of one type, the
generalized lower sets, in other type, ideals.
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1. INTRODUCTION

The concept of fuzzy sets was first initiated by Zadeh [11] 1965. Since then these
ideas have been applied to other algebraic structures such as semigroup, group, ring,
etc. Imai and Iseki introduced two classes of abstract algebras: BCK-algebras and
BCl-algebras [6, [7]. It is known that the class of BCK-algebras is a proper subclass
of the class of BCI-algebras. In [5], Hu and Li introduced a wide class of abstract
algebras: BCH-algebras. They have shown that the class of BCI-algebras is a proper
subclass of the class of BCH-algebras. Jun et al., [8] introduced the notion of BH-
algebra, which is a generalization of BCH/BCI/BCK-algebras. In [10], Kim and
Kim introduced the notion of a BE-algebra as a dualization of generalization of a
BCK-algebra. In 1990, S. Biswas introduced the concept of anti fuzzy subgroup of
group [4]. Recently, Hong and Jun, modifying Biswas idea, apply the concept to
BCK-algebras. So, they defined the notion of anti fuzzy ideal of BCK algebras and
obtain some useful results on it. In [9] Jun and Song introduced the notion of fuzzy
ideals in BE-algebras, and investigated related properties. Further more see [I} 2].

In this paper, we apply the Biswas idea to BE-algebras, and introduce the concept
of anti fuzzy ideal in BE-algebras and investigate some related properties. Also we
characterize anti fuzzy ideals in BE-algebras.
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2. PRELIMINARIES

We recall some definition and results [3, 9, [10].

Definition 2.1. An algebra (X;x,1) of type (2,0) is called a BE-algebra [10] if

(2.1) zxx=1foralzeX,
(2.2) xxl=1forall z € X,
(2.3) lxz=zforall z € X,
(2.4) xx(yxz)=yx*x(zxz) foral z,y,z € X.

A relation ”<” on a BE-algebra X is defined by
(2.5) Ve,ye X) (z<y < xxy=1).

A BE-algebra (X;x, 1) is said to be transitive [3] if it satisfies:
(2.6) (Vo y,z € X) (y*xz < (xxy)* (z*2)).

A BE-algebra (X;*,1) is said to be self distributive [10] if it satisfies:
(2.7) (Vo,y,z € X)(z* (y*2) = (z*y) * (x x 2)).

Note that every self distributive BE-algebra is transitive, but the converse is not
true in general [3]

Example 2.2 ([10]). Let X := {1,a,b,c,d,0} be a set with the following table:

*11 a b ¢ d 0
111 a b ¢ d 0
all 1 a ¢ ¢ d
bl 1 1 ¢ ¢ ¢
cll a b 1 a b
dil 1 a 1 1 a
of(1 1.1 1 1 1

Then (X;*,1) is a BE-algebra.

Definition 2.3 ([10]). A BE-algebra (X;x*,1) is said to be self distributive if

xx(yxz)=(xxy)x(x=*2) forallx,y,z € X.
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Example 2.4 ([10]). Let X := {1, qa,b,¢,d} be a set with the following table:

x| 1 a b ¢ d
1{1 a b ¢ d
all 1 b ¢ d
bll a 1 ¢ ¢
c|l 1 b 1 b
d|{1l1 1 1 1 1

It is easy to see that X is a BE-algebra satisfying self distributivity. Note that the
BE-algebra in Example [2.2]is not self distributive, since d* (a+0) = d*d = 1, while
(dxa)*(d*0)=1%a=a.

Definition 2.5 ([9]). A non-empty subset I of X is called an ideal of X if

(2.8) Vre XandVael =— zxacl, ie, XxICI,

(2.9) Vo € X,Va,b e I imply (ax* (b*xx))*xx € 1.

In Example 2.2, {1,qa,b} is an ideal of X, but {1,a} is not an ideal of X, since
(a*x(axb)xb=(axa)xb=1xb=05b¢ {1;a}.

It was proved that every ideal I of a BE-algebra X contains 1, and if a € I and
x € X, then (a*z)*a € I. Moreover, if I is an ideal of X and if a € I and a < z,
then = € I [9].

3. MAJOR SECTION

In this section we introduce anti fuzzy ideals in BE-algebras and discuss some
fundamental results.

Definition 3.1. A fuzzy subset f of a BE-algebra X is called an anti fuzzy ideal of
X if it satisfies;

(3.1) (Vo,y € X)f(zy) < f(y)

(3-2) (Va,y, 2 € X)(f((z + (y * 2)) * 2) < max{f(z), f(y)})-

Example 3.2. Consider the BE-algebra X described in Example[2.2. Now we define
a fuzzy set f on X as:

. 0.4 1f1;€ {Lavb}
f(z)= { 0.7 if x € {c¢,d,0}

Then, by routine calculation f is an anti fuzzy ideal of X. Now we define a fuzzy
set on X as :
[ 04ifze{l,a}
f(z) = { 0.7 if z € {b,c,d, 0}
Then, f is a not an anti fuzzy ideal of X i.e.,

flax(a*xb))*b)=f(b)=0.7>04=max{f (a), f(a)}.
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Theorem 3.3. Let f be a fuzzy set in X. Then f is an anti fuzzy ideal of X if
and only if it satisfies:

(3.3) (Va € [0, 1)(L(f;0) £ & = L(f; ) is an ideal of X),

where L(f;a) :={x € X | f(z) < a}.

Proof. Let f be an anti fuzzy ideal in X. Let a € [0, 1] be such that L(f;«a) # @.
Let 2,y € X be such that y € L(f;«). Then f(y) < «, and so f(z*xy) < f(y) < «
Thus zxy € L(f;a). Let x € X and a,b € L(f;a). Then f(a) < o, f(b) < a &

we have

nd

(f((ax (bxz)) xx) < max{f(a), f(b)}) < a
so that (a* (bxx))*x) € L(f;a). Hence L(f;«) is an ideal of X.
Conversely, suppose that f satisfies (3). If f(axb) > f(b) for some a,b € X, then
flaxb) > ap > f(b) by taking ag := (f(axb)+ f(b))/2. Hence axb ¢ U(f;ap) and
b e U(f;ap), which is a contradiction. Let a,b, ¢ € X be such that

f((@x (bxx)) * x) > max{f(a), f(0)}.
Taking Gy = (f((a * (b*z)) * ) + max{ f(a), f(b)}), we have 3y € [0,1] and

fllax(b*xx))*xx) > By > max{f(a), f(b)}.

it follows that a,b € U(f;00) and (a * (bxx)) ¢ U(f; o). This is a contradiction
and therefore f is an anti fuzzy ideal of X. O

Lemma 3.4. Every anti fuzzy ideal of X satisfies the following inequality:
(3.4) (Vo € X)(u(1) < p(z)).
Proof. Since in BE-algebra we have z x z = 1, thus we have
p(1) = p(z * x) < p(x)
for all x € X. O

Proposition 3.5. If f is an anti fuzzy ideal of X, then
(Va,y € X)(f((z +y) xy) < f()).
Proof. Taking y =1 and z = y in (2), we get
f(wxy)*y) = f((zx (1xy)) xy) <max{f(z), f(1)} = f(z)
for all z,y € X. O

Corollary 3.6. Every anti fuzzy ideal f of X is reverse order preserving, that is, f
satisfies:

(3.5) (Ve,ye X)(x<y = f(z) = f(y)
Proof. Let x,y € X be such that x <y. Then z *y = 1, and so
fy)=flxy) = f((zxy)*y) < f(z)

by (2.3) and (3.5). O
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Proposition 3.7. Let f be a fuzzy set in X which satisfies (3.4) and
(3.6) (Va,y, 2 € X)(f (2 * 2) <max{f(x* (y*2)), f(y)})

Then, [ is reverse order preserving.
Proof. Let x,y € X be such that x <y. Then z *xy =1, and so
fy) = F(Lxy) S max{f(1x(zxy)), f(2)} = max{f(1x1)), f(x)}
by (2.1), (2.3), (3.7) and (3.4). O

Theorem 3.8. Let X be a transitive BE-algebra. A fuzzy set f in X is an anti fuzzy
ideal of X if and only if it satisfies conditions (3.4) and (3.7).

Proof. Let f be an anti fuzzy ideal of X. By lemma (3.1), f satisfies (3.4). Since X
is transitive, we have
(3.7 (y*x2)x2z < (z*(yx*2))*(xx*2),

ie, ((yx2)*2)((x % (yx2))* (x*x2)) =1for all z,y,z € X. It follows from (2.3),
(3.2) and Proposition 3.1 that

F(((yx2) % 2)((x* (y * 2)) * (x % 2)) * (% 2))
max{f((y * z) x 2), f(z * (y = 2))}
max{ f(z * (y * 2)), f(y)}.

Hence, f satisfies (3.7). Conversely suppose that f satisfies two conditions (3.4) and
(3.7). Using (3.7), (2.1), (2.2) and (3.4), we have

flzxy) < max{f(zx*(y*y)),f(y)}
= max{f(zx*1), f(y)}
= max{f(1), f(y)}
= fly)

VANVAN

and

(3.8) f((wxy)ry) < max{f((z*y)*(xxy)), f(z)}

= max{f(1), f(z)} = f(z)
for all z,y € X. Since f is reverse order preserving by Proposition 3.2, it follows
from (3.8) that

fyx2)x2) > f((@+ (y x2)) * (2 % 2))
and so from (3.7) and (3.10) that

fllwx(yxz))xz) < max{f(((z*(y*2))*(xx2)), f(x)}
< max{f((y *2) * 2), f(2)}
< max{f(z), f(y)}
for all z,y,z € X. Hence, f is a fuzzy ideal of X. O

Corollary 3.9. Let X be a self distributive BE-algebra. A fuzzy set f in X is an
anti fuzzy ideal if and only if it satisfies condition (3.4) and (3.7).
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Proof. Straightforward. O

For every a,b € X, let f° be a fuzzy set in X defined by
£ __{ aifax(bxc)=1

@71 B otherwise

for all z € X and «, 8 € [0,1] with a < 3.
The following example shows that there exist a,b € X such that f© is not an anti
fuzzy ideal of X.

Example 3.10. Let X = {1, a,b,c} with the following Cayley table:

*‘1abc
111 a b ¢
all 1 a a
b1 1 1 a
c|l 1 a 1

Then, (X;*,1) is a BE-algebra [3]. But f/ is not an anti fuzzy ideal of X since
follax(@axc)xc) = fy((axa)xc)= f(1xc)

file)=5>a

max{ f, (a), f, (a)}.

Theorem 3.11. If X is self distributive, then the fuzzy set f° in X is an anti fuzzy

ideal of X for all a,b e X.

Proof. Let a,b € X. For every z,y € X, if ax(bxy) # 1, then f2(y) = 3 > fb(x*y).
Assume that a * (b*y) = 1. Then

ax(bx(zxxy)) = ax((bxz)x*(bxy))
= (ax(bxz))*(ax(bxy))
= (ax(b*xz))x1=1,
and so fo(zxy) = a = f(y). Hence f(z xy) < f2(y) for all z,y € X. Now, for

every z,y,2 € X, ifax (bxz) # 1 or a* (bxy) # 1, then fo(z) = B or fo(y) =
Thus

fol(a = (y * 2)) % 2) < B = max{f;(2), f3(y)}.
Suppose that a x (bxxz) =1 and a* (b*y) = 1. Then
ax (@ (ye2)e2) = ax((bx((@n(ys2)
— ax(bx((@x(y+2)
(ax (b))% (a (b (y x>
(Ix(a*x(b*(y*z2))))*(ax(bx*z))
(s (b (yx 2))) * (a % (b+2))
= ((ax(bxy))*(a*x(bx2)))*(ax*(bx2))
( a
(

* (b

z))
bx*z))
)

* (a *

(
)

1x(a*(bx2)))*(ax*(bxz))
ax(bx2z2))*x(ax(bxz))=1

which implies that fo((x * (y * 2)) x 2) = a < 3 = max{f2(x), f2(y)}.
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Therefore, f2((z * (y * 2)) * 2) < max{f2(x), f2(y)} for all z,y,z € X. Conse-
quently, f° is an anti fuzzy ideal of X for all a,b € X. O

For any a,b € X, the set A(a,b) :={x € X | ax* (b*z) =1} is called the upper
set of a and b [3]. Clearly , 1,a,b € A(a,b) for all a,b € X [3].

Lemma 3.12 ([9]). A nonempty subset I of X is an ideal of X if and only if it
satisfies
lel

(Vr,ze X)(Vye X)(z* (yxz) el = x*xzel).

Theorem 3.13. Let f be a fuzzy set in X. Then f is an anti fuzzy ideal of X if
and only if it satisfies:

(Va,b € X)(Va € [0,1])(a,b € L(f; ).

Proof. Suppose that f is an anti fuzzy ideal of X and let a,b € L(f;«). Then
fla) <aand f(b) <a. Let z € A(a,b). Then, a x (b x) = 1. Hence,

flx) = f(Lxa) = f((ax (bxx))*x) <max{f(a), f(b)} < o,
and so x € L(f;«). Thus A(a,b) C L(f;«).
Conversely, since 1 € A(a,b) C L(f;a) thus for all a,b € X. Let z,y,2z € X be
such that x x (y x 2z) € L(f; ) and y € L(f; ). Since

(@x(yx2)*(y*(zxz) = (T (yx2)(rx(yx2)) =1
by 2.4 and 2.1, we have z x 2z € A(z x (y x 2),y) C L(f;«). It follows from Lemma
3.2 that L(f;«) is an anti fuzzy ideal of X. Hence f is an anti fuzzy ideal of X by
Theorem 3.1. g

Corollary 3.14. If f is an anti fuzzy ideal of X, then
(Va€[0,1]) (L(fi) # @ = L(fia)= |J Ala,b)).

a,beL(f;a)

Proof. Let « € [0,1] be such that L(f;«a) # @. Since, we have
Lifim)c |J Alnc |J Al

a€L(f;ax) a,beL(f;c)
Now let z € U  A(a,b). Then, there exist u,v € L(f;a) such that = €
a,be L(f;a)
A(u,v) € L(f;a) by Theorem 4. Thus U  A(a,b) C L(f;«). This completes
a,beL(f;a)
the proof. O

4. CONCLUSIONS

Imai and Iseki introduced two classes of abstract algebras: BCK-algebras and
BCl-algebras [6l [7]. It is known that the class of BCK-algebra is a proper subclass
of the class of BCI-algebra. Kim and Kim defined a new class of algebra: called
BE-algebra in [10]. In this article we studied ideal theory of BE-algebra in context
of fuzzy set to introduced anti fuzzy ideals in BE-algebras. We discussed some
characterizations of BE-algebras in terms of anti-fuzzy ideals. We also discussed

493



S. Abdullah et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 3, 487-494

some basic properties of BE-algebras in terms of these notions which are necessary
for further study of BE-algebras. We will be focus on further study in BE-algebras
in terms of fuzzy sets as follows: We will defined further generalization of anti fuzzy
ideals in BE-algebra. We will study BE-algebra in terms of rough set theory. We
will define rough fuzzy ideals in BE-algebras.

REFERENCES

(1] S. Abdullah, M. Aslam, M. Amin and T. Khan, Direct product of finite fuzzy subsets of
LA-semigroups, Ann. Fuzzy Math. Inform. 3(2) (2012) 281-292.
[2] S. Abdullah, M. Aslam, T. A. Khan and M. Naeem, A new type of fuzzy normal subgroups
and fuzzy cosets, J. Intell. Fuzzy Syst. 25 (2013) 37-47.
[3] S. S. Ahn and K. S. So, On ideals and upper sets in BE-algebras, Sci. Math. Jpn. 68 (2008)
279-285.
[4] R. Biswas, Fuzzy subgroups and anti fuzzy subgroups, Fuzzy Sets and Systems 35 (1990)
121-124.
[5] Q. P. Hu and X. Li, On BCH-algebras, Math. Sem. Notes, Kobe Univ. 11 (1983) 313-320.
[6] Y. Imai, On BCl-algebras, Math. Sem. Notes, Kobe Univ. 8 (1980) 125-130.
[7] K. Iseki and S. Tanaka, An introduction to the theory of BCK-algebras, Math. Japon. 23(1)
(1978/79) 1-26.
[8] Y. B. Jun, E. H. Roh, and H. S. Kim, On BH-algebras, Sci. Math. 1 (1998) 347-351.
[9] Y. B. Jun, K. J. Lee and S. Z. Song. Fuzzy ideals in BE-algebra, Bull. Malays. Math. Sci. Soc.
33 (2010) 147-153.
[10] H. S. Kim and Y. H. Kim, On BE-algebras, Sci. Math. Jpn. 66 (2007) 113-116.
[11] L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353.

S. ABDULLAH (saleemabdullah81@yahoo.com, saleem@math.qgau.edu.pk)
Department of Mathematics, Quaid-i-Azam University 45320, Islamabad 44000,
Pakistan

T. ANWAR (tariqanwar79@yahoo.co.in)
Department of Mathematics, Quaid-i-Azam University 45320, Islamabad 44000,
Pakistan

N. AMIN (naminhu@gmail.com)
Department of Information Technology, Hazara University, Mansehra, KPK, Pak-
istan

M. TAIMUR (k.taimur@yahoo.com )
Department of Mathematics, Government Post Graduate College, Mansehra, KPK,
Pakistan

494



